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Artificial Neural Networks

A two-layer dense neural network,
fully connected neural networks or 
multi-layer perceptrons (MLP).

Loss function
Back propagate



Physics- informed Neural Network (PINN)

Observational bias Inductive bias Learning bias

Symmetry Conservation laws Dynamics

Principles of physics-informed learning

• Small data: e. g. PDE + known parameters
• Intermediate: e. g. PDE + unknown parameters
• Big data : e. g. unknown PDE

Karniadakis, G.E., Kevrekidis, I.G., Lu, L.et al. Nat Rev Phys, 2021



The standard framework of Physics-informed neural networks

Viscous Burgers’ equation:

physics- uninformed
physics- informed

Loss function

Note: 𝐿𝑑𝑎𝑡𝑎 is from the points under initial 
conditions and boundary conditions

Optimation: Adam or L-BFGS



Forward problem and Inverse problem

Forward Problem: Given the model, 
parameters, and boundary conditions, how can 
we predict the state or time evolution of a 
system through simulation?

Inverse Problem: Given the observation results, 
how can we deduce the equation parameters?



Forward problem

Backward problem

M. Raissi, P. Perdikaris, G.E. Karniadakis, Journal of Computational Physics, 2018

Problem Setup



Data-driven solutions of partial differential equations (Forward problem)



Data-driven discovery of partial differential equations (Inverse problem)

Define a PDE residual:

The difference from forward
problems is that the parameters 
in the differential operator 
directly become learnable 
parameters of the PINN.





Navier-Stokes Inverse Problem (PINN structure)





Summary

• Physics-informed neural networks is a class of universal function approximators that are capable of 
encoding any underlying physical laws that govern a given data-set

• They can be used to address two main types of problems: data-driven solution of partial differential 
equations and data-driven discovery of partial differential equations.



Navier-Stokes Forward Simulation (Classical)



Supervised Training of PINN

The training process uses a set of model equations, and approximates them numerically, in 
order to train the NN representation 𝑓.





This two-layer architecture defines

𝑥, 𝑡 : spatial and temporal variables
𝐿 : convex and Lipschitz activation function
𝑎, 𝑢 : NN parameters
𝑚 : number of neurons

An example of Inductive bias in PINN

𝑓(𝑥, 𝑡) is the viscosity solution to the 
following Hamilton–Jacobi PDE：




